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In this technical note we present detailed derivations to accompany the co-
variance calculations for the Gaussian process (E [G (60) G (6;)]) that appears in
the limit distribution of Carter and Steigerwald (2011). We begin with the sin-
gle equation linear process with homoskedastic Gaussian errors and show that
E[G (60) G (6)] is not a function of covariates (regressors). We then derive
the covariance for a multiple equation linear process, first with heteroskedastic
errors and second with homoskedastic errors.

For the single equation process we parallel the construction in the paper and
the calculations (in order) are: 1) construct the quasi-log-likelhood function L,
2) calculate the gradient, 3) calculate the information matrix Z (6), 4) calculate
the asymptotic variance of the score V () and 5) calculate the covariance of
the score B [S (60) S (65)].

1 Single Equation
The process is

Y, =00+ 6S: + Z,8+ Uy, (1)

with Uy ~ 4.4.d.N (0,v). In what follows, we take Z; to be a scalar for conve-
nience.

1.1 Calculation of L,

The quasi-log-likelihood for observation ¢ is
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where ¢ = 2 - pi. The resulting quasi-log-likelihood function, L, (,~, 6o, 61)
where v = (v, 8), is
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1.2 Calculation of the Gradient of L,
The gradient for the quasi-log-likelihood is!
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Evaluating the gradient at (1,7, 6o, 6.)
The evaluated gradient, which has expectation zero, contains
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LIf the derivatives are taken at (0,7, 0+,01) then the derivative with respect to 7 changes
sign and the other derivatives are unchanged.



Evaluating the Behavior of e’

In what follows, we drop the subscript ¢ on (y, z) and use capital letters for
the random variables (Y, Z). For the information matrix calculations, we need
to know the behavior of four moments involving e’. We first calculate

E [eb] = ]E {e(yiﬁz)'tii(egiei)} = E |:6(Y_BZ)'ti| . e—i(@?}f@z)

where t = (%-0+). Under Hy, (Y — BZ) ~ N (0.,v). From the definition of
the moment generating function for a Gaussian random variable, for an arbitrary
real number ¢
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We next calculate E [e2b]. Note
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We next analyze
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%—&)_1%—&_1

2
2 v 2v (y—ﬁz—H*)

=52 (

= o (y—Br— ).

v



Further, (y — 8z — 0.)* = (y — Bz — 00)*+2 (00 — 0.) (y — Bz — 00)+ (60 — 0.)*.
Hence
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Finally, we analyze
E [eb (Y - BZ)] = / (y - ﬂZ) Cefﬁ(yfﬁzfeo)gdy
= 90.

1.3 Calculation of the Information Matrix Z (6)

The information matrix, Z () is
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(1,1) Element
The (1,1) element of Z (6y) corresponds to E {(%L&)Q] We have
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Because E [eb] =land E [e%] = exp {% (0o — 9*)2}:
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(1,2) Element ) )
The (1,2) element of 7 (6y) corresponds to E [(a%lt) (a%lt)]. We have

(2) (3)=0-1 oo

2In Drew Carter’s notes, the (1,2) and (1,3) elements have a positive sign. This follows
from the fact the he evaluates derivatives at the point (0,~,60«,01), which (as noted above)
changes the sign of the derivative with respect to =.
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(1,3) Element
The (1,3) element of 7 (Ay) corresponds to E {(a%lt) (%ltﬂ. We have

Because B (Y — 8Z|Z) = 0.,

() )] - ol 2z

—%E [e? (Y — BZ) — €. ] .

Because E [e’] =1 and E [e* (Y — BZ)] = 6y,
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(2,2) Element

The (2,2) element of 7 (0y) corresponds to E [(%lt)z]. We have

14

_E |:eb (Y - BZ - 9*)]

= —%E (" (Y = BZ) — €%, ] .

2
<§ylt> :ﬁ{(YfﬁZfH*)4+u272(Y76270*)2y}.

Because E [(Y - BZ — 0*)2} =v,

E|(2 oo -2
()] = we ol -sm-0)-)
= ﬁ{?ﬂﬂ—ﬂ}:%.



(2,3) Element

The (2,3) element of 7 (6y) corresponds to E {(%lt) (a%zlt)] We have
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Because E [(Y - BZ — 9*)3} =0,
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The (2,4) element of Z (6y) corresponds to E {(%lt) (aiellt)}' We have
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Because E {(Y — BZ — 9*)3} =0,

[(24) (8]
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The (3,3) element of Z (6y) corresponds to E {(aaﬁlt) } . We have
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(3,4) Element
The (3,3) element of T (fy) corresponds to E Ka%lt> (8%1&)]. We have
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The (4,4) element of T (fy) corresponds to B {(82110 } . We have
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1.4 Calculation of the Asymptotic Variance V (6)
First
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Second, Z; (60) Z2 (60) T1 (60) " equals
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1.5 Calculation of E[S (0y) S (6;)]

Because E [S (60) S ()] is the (1,1) element of 7 (96)711' (60,60) Z(0o)"", we
begin with Z (6o) "

1.5.1 Calculation of Z (6y) "

The formula for Z (6) ™" comes from Harville (1997, p. 99). Recall
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1.5.2 Calculation of E [S (6y) S (65)]

We have
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D = (60— 0.) [Tua (60,00) + (0 0.)" Taa (80,65) + (6 — 0.) Taa (60,60)
(6-0.) N (0, —0.)
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1.5.3 Calculation of E [G (69) G ()]
We have that E [G (60) G (65)] equals
V(#0):V (6))% - (A+B+C+D).

If we note that the covariance is indexed by n = (90\;;9*) and 7' = 75 we

have

e’rz2 —1— 772 — 7724:| B {e(”/f —1- (77/)2 - (77/)4} x

xe™ —1— ' — 02 (n)°.

2 Multiple Equations

The general structure we consider is for n independent observations on a mul-
tivariate normal Y; = (Y31, ... ,Ytd)/ with mean ;¢ € R? and covariance matrix
Q~!'.  The density function is

1

F (il ) = (20i)* 9% exp [ Lt —m] ,

The mixture arises from a second model with mean u + §, so

I (Yelp+6,9)
I (Yilp, )

The covariance E [G (§1) G (02)] is given by

= exp [5TQ (Y, — ) — ;5T95} .
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[Im (61) = T (61)" T T (51)]7 [zm (82) = Ty (62) T T (52)}7 2)

5 (f(m+51,ﬂ>f<m+6z,ﬂ>
f (Y, 2

) 1= T (61)" T T (52)] .

2.1 Shifted Likelihood

The first term in the covariance that we calculate is the expected value of the
shifted likelihood

. (f(Yt|M+51,Q)f(Yt|H+52,Q)> o
f (Wil 9)°
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We have

E<f(Y2|u+51,Q)f(Yzlu+5z,Q)>
f (Y,

= Eexp [(51 +32)T QY; — p) — %6?961 - %53%

= expd] Qs

Further,
(Yilp+6,9)

(] e sTs

2.2 Mean Information

The block diagonal structure of the information matrix leads to separation be-
tween information from the mean and information from the covariance. We
have

f (Y|, Q)°

E6 (Vuf (th|/1'79)>
f(Vilp, Q)
= EsQ (Y, —p) = Qd.

T, (8) = E(f(Yf/WJr(;?Q)VMf(YthQ))

and I;Ml = . Thus
T (81)" T,y Ty (82) = 67 Q5.

2.3 Covariance Information

We have Zq (6) consists of the matrix of components Es 7., log f (Yz|u, Q).
Matrix differentiation reveals

Trq (8) = %55?

For Tnq we use the eigenvalue decomposition Q = VDV, where D is a diagonal
matrix with elements A;. Let I' be a matrix with elements v,; = %, then
J

1
Toq = 5FD—QFT.

The actual values of the calculation depend on the parameterization of Q.

If
Q0= V1 Py/U1V2
P\/U1V2 V2 ’
then . ,
Im’z ((51)T I{;(IIIWQ (62) = § ((5?(2(52) .
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If

then

(611 —8%2) (051 — 052)
4v? (1 - p?) ’

_ 1 2
Iwﬂ (51)T IQéIﬂQ (62) = 5 (5}‘952) —+

where §; 2 is the second element of §;.
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